A standard candidate for quasilocal energy in general relativity is the Brown-York energy, which is essentially a two dimensional surface integral of the extrinsic curvature on the twoboundary of a spacelike hypersurface referenced to flat spacetime. Several years back one of us had conjectured that the black hole horizon is defined by equipartition of gravitational and non-gravitational energy. By employing the above definition of quasilocal Brown-York energy, we have verified the equipartition conjecture for static charged and charged axi-symmetric black holes in general relativity. We have further generalized the Brown-York formalism to all orders in Lanczos-Lovelock theories of gravity and have verified the conjecture for pure Lovelock charged black hole in all even d = 2m + 2 dimensions, where m is the degree of Lovelock action. It turns out that the equipartition conjecture works only for pure Lovelock, and not for Einstein-Lovelock black holes.
Introduction
Defining quasilocal energy for general relativity is an extremely important but a long eluding problem. Initial attempts in this direction involved pseudotensor methods, leading to coordinate dependent expressions, identification of certain symmetries and defining the Noether charge or some mathematical constructs from the Cauchy data showing similar physical properties associated with energy. Most of these definitions are quite useful and have physical implications in one case or the other, but no unified description has emerged (for a partial set of references see [1] [2] [3] [4] [5] [6] [7] ).
The main reason for this ambiguity in defining an energy for gravitational field is due to its non-linear nature and the fact that gravitational energy is non-localizable. This in turn implies not of general relativity and then we have applied it to Reissner-Nordström and Kerr-Newmann black holes to obtain the location of the horizon through equipartition. Then in the subsequent section, i.e., in Section 3 we have discussed extensively the quasilocal energy for Lanczos-Lovelock gravity and equipartition conjecture in it. Finally we conclude with a short discussion on our results.
In this paper we will work with the (−, +, +, . . .) signature for the spacetime metric and shall set the fundamental constants G and c to unity.
Brown-York quasilocal energy and black hole horizons in general relativity
We will start with a spacetime region M, which is topologically Σ times a real line interval, where Σ is the three-space. The boundary of the three-space Σ, is denoted by B (not necessarily simply connected), which is two dimensional. The product of B with timelike world lines normal to Σ is denoted by B and the end points of the timelike world lines are denoted by Σ 1 and Σ 2 . Hence B, Σ 1 and Σ 2 form the three-boundary of the full spacetime region M.
The full spacetime metric is g ab , u a is the future pointing timelike normal to the hypersurface Σ, and n a is the spacelike normal to the three-boundary B. The metric and extrinsic curvature on Σ are denoted by h ab and K ab respectively, with h a b acting as the projection tensor on Σ. From hypersurface orthogonality between Σ and B it immediately follows that u a n a = 0. Similar projection tensors and extrinsic curvatures can be defined on B as well. This can be extended to finally introduce the extrinsic curvature k AB on the two-boundary B of Σ with the induced metric, q a b = δ a b + u a u b − n a n b . Given this spacetime foliation we can introduce the ADM decomposition [13, 29, 30] and thus the action can be written as a bulk term which includes intrinsic quantities defined on Σ and a surface term on the three-boundary. On the two end points Σ 1 and Sigma 2 the surface term equals 2K, where K = K ab h ab is the trace of the extrinsic curvature on Σ. On the other surface, namely B, the surface term equals the trace of the extrinsic curvature defined on B. Then under variation we will obtain the gravitational momentum conjugate to both h ab on Σ and the respective one on B. Treating the gravitational action analogously to a matter action and from the Hamilton-Jacobi method the quasilocal gravitational energy contained within the two-surface B turns out to be [8] 
where q is the two-metric defined on the two-surface B and k 0 stands for the trace of extrinsic curvature for some reference spacetime. As the two-surface B tends to infinity, the Brown-York energy would approach the ADM mass (the positivity of Brown-York energy and its relation to hoop conjecture have been explored in [31] [32] [33] [34] ). We will be interested in asymptotically flat solutions in which k 0 is the trace of extrinsic curvature of B as embedded in a flat spacetime. In this section we will evaluate the quasilocal energy for two cases: (a) static spherically symmetric and (b) stationary axially symmetric spacetimes, in particular for Reissner-Nordström and Kerr-Newmann black holes.
In both these cases we will explicitly see that in the asymptotic limit the Brown-York energy goes to the ADM energy [29] , which is a crucial check for the validity of any definition of energy in general relativity.
2.1 Brown-York quasilocal energy in an arbitrary static spherically symmetric spacetime
We will first derive the expression for Brown-York energy for the most general static spherically symmetric spacetime [35] [36] [37] with the following line element
The metric is assumed to be asymptotically flat, i.e., in the limit r → ∞ both f (r) and g(r) go to unity giving the flat Minkowskian metric. The hypersurface Σ is taken to be a t = constant hypersurface and B as a r = constant surface. The two-surface B is a r = constant hypersurface within Σ. Then the unit timelike normal u a to Σ and unit spacelike normal n a to B turn out to be
Having obtained the normal to Σ and B we can now compute the corresponding extrinsic curvatures, and in particular for the latter we have,
The embedding of B in a flat spacetime is trivial and the trace of extrinsic curvature k 0 is simply −2/r. Then using the expression for k from Eq. (5) the Brown-York energy as defined in Eq. (1) yields,
This expression for Brown-York energy is completely general. Given any static, spherically symmetric spacetime in general relativity with line element given by Eq. (2) the above result holds. This also shows that the Brown-York energy singles out the coefficient of g rr , rather than that of g tt . The implication of which is straightforward -the gravitational energy really resides in the spatial curvature, i.e. it curves the three space. This is in complete accord with some of the earlier studies by one of us [9] . Having derived the general expression, let us now consider an application of this result. For that we pick up the Reissner-Nordström black hole, whose metric elements are given by
The Brown-York quasilocal energy within a sphere of radius r 0 turns out to be,
where M and Q respectively stand for mass and charge of the black hole. Let us expand it for large r to write
Clearly it goes to the desired limit, the ADM mass M, asymptotically. It is also evident from the expression of quasi-local energy that, E is the sum of matter energy and potential energy associated with building a charged fluid ball by bringing together individual particles from some initial radius. It can also have the following understanding: M being the total energy including rest mass and all kinds of interaction energies. The energy lying exterior to the radius r 0 will be Q 2 /2r 0 , arising from the energy momentum tensor component T For extremal black hole M = Q, the two energies cancel out each other exactly, not only in the asymptotic expansion but everywhere. Thus alike the Komar mass for the Schwarzschild black hole, the Brown-York energy is conserved, and is equal to ADM mass, for the extremal ReissnerNordström black hole. The energy within radius r 0 is given by the Brown-York expression as presented in Eq. (8) , while the energy outside r 0 has two parts -(a) the energy contained within the gravitational field E grav and (b) the energy contained within the electric field Q 2 /2r 0 [10] . This separation of energy into two parts can be written as,
The total energy in the full spacetime manifold corresponds to the ADM mass. This implies, E(r ≤ r 0 ) + E(r ≥ r 0 ) = M , the ADM mass. Using which the gravitational energy turns out to be
On the other hand the non-gravitational energy outside radius r 0 arises from the energy density Q 2 /2r 4 0 due to electric field. Integrating the electric field energy over the range of radial distance from ∞ to r 0 , we get −Q 2 /2r 0 . Adding M to it we obtain the non-gravitational energy to be, E non−grav = M − Q 2 /2r 0 . Now according to the equipartition conjecture, the horizon is defined when energy is equally divided between the matter fields and the gravitational field, leading to, E grav + E non−grav = 0, which implies
This clearly has two solutions, namely, (a) r = r + = M + M 2 − Q 2 , the larger root of r 2 − 2M r + Q 2 = 0, yielding the location of the event horizon and (b) r = Q 2 /2M , the hard core radius for naked singularity for the parameter space Q 2 > M 2 . In the latter case, note that the hard core radius marks vanishing of non-gravitational (matter) energy which consequently implies vanishing of gravitational energy as well because the latter is created by the former. Then energy contained inside the hard core radius also vanishes and the entire mass M lies outside. The hard core radius should rather be looked upon as the radius where non-gravitational energy goes to zero rather than equipartition (because it implies zero equal to zero). Thus equipartition of energy between gravitational and non-gravitational energy characterizes horizon.
Kerr-Newmann Black Hole
Following on the Reissner-Nordström black hole, we will now compute the Brown-York energy for the Kerr-Newman black hole and verify the veracity of the equipartition conjecture for the location of its horizon. It is described by the metric
where we have defined the following quantities,
where M , Q and a have the usual meaning as mass, charge and specific angular momentum of the black hole. The normalized normal to r = constant surface within the t = constant surface is spacelike, i.e., n a n a = 1, which for the spacetime described by the above metric ansatz turns out to be,
Thus the extrinsic curvature of any r = constant surface within the t = constant hypersurface can be obtained as
The above expression nicely breaks into two parts, ∂ r n r and ∂ r ln √ h. Each of them can be evaluated individually leading to
This immediately leads to the following expression for extrinsic curvature
Now the metric on the two-surface is
Hence the unreferenced Brown-York energy for the Kerr-Newmann black hole within a sphere of radius r turns out to be
which in general cannot be integrated to obtain a closed form expression. However a closed form expression is indeed possible to obtain in the slow rotation limit i.e., a/r ≪ 1. Then the above expression for unreferenced Brown-York energy reduces to [12] 
Getting the reference term is more difficult, for that we have to map the two dimensional surface to a flat three dimensional spacetime. If the flat three dimensional surface is described by the three coordinates R, ϑ, Φ, then the matching with two-surface would provide the following relations, R = R(θ), ϑ = ϑ(θ) and Φ = φ. These relations have to be obtained through their substitution in the flat space line element and comparing with two-surface and Kerr-Newmann metric. This leads to the following differential equations for R and ϑ dR dθ
We need to solve these two coupled differential equations to get both R and ϑ in terms of θ. Eq. (22) can be solved to get R in terms of ϑ and θ. This when substituted in Eq. (21) would yield a differential equation of ϑ. However the differential equation being complicated, in general (i.e., for arbitrary choices of the rotation parameter a) would not posses any analytic closed form solution.
Thus to get analytic expression we need to use slow rotation limit, in which the solutions for R(θ) and ϑ(θ) can be obtained as
From these two relations we could obtain an expression for the extrinsic curvature k 0 of a two surface as embedded in flat space. Then this extrinsic curvature can be used to compute the reference term, which yields [12] 
It is interesting to note that there also appears the contribution of rotational energy in the flat space referenced energy. On expansion of E 0 in powers of 1/r, the first order correction due to rotational energy is −a 2 /3r 0 , we will comment on it later on. Using the expression for E from Eq. (20) and the reference term as in Eq. (25), the referenced Brown-York energy turns out to be [12] 
which gives the quasilocal energy within a sphere of radius r 0 . If we had taken the sphere of radius r 0 to infinity, it would as expected go to the ADM mass M . Expanding terms within square root in powers of 1/r we arrive at
Note that there is no contribution of rotational energy at order 1/r 0 . This is precisely because rotational energy along with Kerr-Newmann spacetime, is also shared by the referenced spacetime. Thus as the reference term E 0 is subtracted in order to get the Brown-York energy, the contribution from rotational part is exactly canceled. That is why the Brown-York energy for Kerr-Newmann spacetime is free of pure rotational terms and rotation only contributes through coupling with mass and charge. This is also the reason behind the fact that for the case of extremal black hole (i.e., M 2 = a 2 + Q 2 ) the Brown-York energy reduces to M + (a 2 /2r 0 ). Thus in addition to the ADM mass the rotational energy a 2 /2r 0 also contributes to the Brown-York energy at large distance for extremal Kerr-Newmann black hole. Note that for a = 0, we get back the result for extremal Reissner-Nordström black hole. Now let's turn to our main aim of obtaining the location of horizon at the equipartition of gravitational and non-gravitational energy. The energy outside r 0 has the expression, E(r ≥ r 0 ) = E grav + (Q 2 /2r 0 ). Since total energy in the spacetime is the ADM mass M , we obtain the gravitational energy to be
On the other hand the non-gravitational energy is E non−grav = M − (a 2 + Q 2 /2r 0 ). Requiring equipartition of the two, i.e., gravitational and non-gravitational to be equal (with proper sign to ensure attractive nature of gravity), we finally obtain
This algebraic equation has two solutions: (a) r = r + = M + M 2 − a 2 − Q 2 , the larger root of r 2 − 2M r + (Q 2 + a 2 ) = 0 defining the horizon, and (b) r = (a 2 + Q 2 )/2M , the hard core radius for naked singularity, a 2 + Q 2 > M 2 . Thus the equipartition conjecture is also verified for the Kerr-Newman black hole albeit in the slow rotation limit.
Having succeeded in deriving the horizon (or hard radius) location, starting from equipartition in the case of both charged and charged axi-symmetric configurations in general relativity it would be interesting to ask, what happens in higher dimensions, still in the premise of general relativity or more importantly, what happens to this equipartition conjecture when higher order curvature invariants are present in the action. That is what we take up in the next section.
Brown-York quasilocal energy and Black Hole Horizons in Lanczos-Lovelock Gravity
Before addressing the Brown-York energy for Lanczos-Lovelock gravity, as a warm up as well as to show the complexities involved, we will first discuss the case of Brown-York energy in higher dimension but within the context of general relativity. The Brown-York energy for a D-dimensional spacetime in general relativity is still given by the difference k − k 0 but this time evaluated for a (D − 2)-dimensional surface. The geometry remains similar, the full manifold M is D-dimensional, in which we have constant time hypersurfaces, namely Σ, which are now (D − 1)-dimensional and so is the surface B. Hence the boundary of Σ as intersected by B forms the desired co-dimension two-surface B, which is now (D − 2)-dimensional. However we need to account for proper volume factors. For this reason the Brown-York energy is written as
where γ is a numerical factor to be fixed later. Any static spherically symmetric spacetime can be presented by the metric Eq. 
By setting the constant γ to the value
we obtain the following expression for Brown-York energy in a static spherically symmetric spacetime in general relativity in higher dimension
In D-dimensions static spherically symmetric solution of general relativity corresponds to, f = g
, which when substituted in the above expression, leads to lim r→∞ E BY = M , i.e., the above expression agrees as required with ADM mass in the asymptotic limit.
However we cannot use this for Lanczos-Lovelock gravity. This can be seen directly as in mth order Lanczos-Lovelock gravity the static spherically symmetric black hole solution is given by f (r) = g(r) = 1 − (γ/r (D−(2m+1))/m ). In analogy with the Einstein case we write from Eq. (33) the Brown-York energy as
which for large r goes as γ/2. It does not agree with the ADM mass which should really be ∝ γ m [38] . However it is interesting that we get almost the right result but for mismatch in dimension of mass. This is of course not the right expression for quasi-local Brown-York energy, and we need to rederive the Brown-York energy expression which would be appropriate for the Lanczos-Lovelock theory. That is what we will do next.
Brown-York quasilocal energy in Lanczos-Lovelock Gravity: Formalism
The Brown-York energy for Lanczos-Lovelock gravity can be obtained in a straightforward manner following the general relativity prescription. The derivation essentially amounts to calculate the counter term for gravitational action on a t = constant surface (e.g., Σ) and the corresponding term for the (D − 2)-boundary B. Thus we can use the counter term for Lanczos-Lovelock gravity [14, [39] [40] [41] [42] [43] [44] on the t = constant hypersurface Σ and then take it to the (D − 2)-boundary B. This leads to the following generalization of Brown-York energy to mth order pure Lanczos-Lovelock gravity as,
where c (m) is a numerical factor which can be adjusted to get E BY = M at infinity. In general relativity the quantity E was just (k − k 0 ) and c
, however for mth order Lanczos-Lovelock gravity E turns out to be (36) where,
Here k A (0)B is the extrinsic curvature of the two surface as embedded in flat spacetime. Also the arbitrary constants c s appearing in Eq. (36) has the following expression:
Here q C s is the combination symbol and stands for q!/{(q − s)!s!}. Before proceeding further let us pause for a while, and consider the case of static vacuum solution for mth order pure LanczosLovelock gravity which is given by [38, [45] [46] [47] 
It is clear that β is a dimension full constant related to the ADM mass and D is the dimension of the spacetime such that D ≥ 2m + 2. Note that D ≥ 2m + 1 ensures that the Lagrangian is not a topological term and D = 2m + 1 is excluded because it represents a solid angle deficit that can only describe a global monopole [48] without black hole. The later computations would involve the curvature tensor components which are
However the ADM mass defined in the context of mth order Lanczos-Lovelock gravity turns out to be M =ĉβ m , whereĉ is just a numerical constant. This numerical constant depends explicitly on the order of Lanczos-Lovelock Lagrangian and also on the coefficient of m-th Lanczos-Lovelock Lagrangian, c (m) . The exact value ofĉ in this and subsequent examples would not hit us, since we will be concerned primarily with the structure of the results. Thus the acid test for our prescription of Brown-York energy as presented in Eq. (35) would be to see whether it matches with the ADM mass M as defined above.
In order to show the validity of our result, let us first see that it includes the general relativity case for m = 1. We evaluate Eq. (35) for m = 1, which immediately leads to s = 0. Using this in Eq. (36) and Eq. (37) we readily obtain, Eq. (30), the correct quasilocal energy for general relativity.
Next we take up the Gauss-Bonnet action, which corresponds to m = 2. Thus we have two possibilities s = 1 and s = 0 respectively. For s = 0, we obtain
while for s = 1, we get
Then the Brown-York energy at large r takes the form
which exactly agrees with the ADM mass. Hence for pure Gauss-Bonnet gravity, the Brown-York energy at infinity exactly matches with the ADM mass.
It is now time to consider mth order pure Lanczos-Lovelock gravity in which s can take values 0, 1, . . . , (m − 1) respectively. This immediately leads to the following expression
Then,
and finally,
Hence the Brown-York energy at large r turns out to have the following expression
Thus we have proved that the Brown-York energy as defined by Eq. (35) in the asymptotic limit leads to the ADM mass. Hence the definition of Brown-York energy works perfectly well and it passes the acid test of matching with ADM mass asymptotically for static black hole in LanczosLovelock gravity. We have thus generalized the Brown-York energy for Lanczos-Lovelock gravity.
Brown-York quasilocal energy in Lanczos-Lovelock gravity and equipartition
Having derived the quasilocal energy for Lanczos-Lovelock theories of gravity, we would now like to apply the equipartition conjecture to Lanczos-Lovelock gravity and verify its veracity. For any static spherically symmetric spacetime given by Eq. (39) describing an mth order Lovelock static black hole, the Brown-York energy reads as
This is the energy, E BY (r ≤ r 0 ), lying inside radius r = r 0 . Let us consider a charged black hole with
where
. For Maxwell field the energy outside r = r 0 is as before E(r ≥ r 0 ) = E grav + (Q 2 /2r
). Requiring the total energy in spacetime to be equal to the ADM mass, we readily obtain the gravitational contribution to be,
where f 0 = f (r = r 0 ). Now the equipartition of gravitational and non-gravitational energy leads to the following algebraic equation
Note that the above equation has various powers of f 0 upto order m, which is also the order of pure Lanczos-Lovelock Lagrangian. In general this is a complicated algebraic equation to solve for f 0 . However we will avoid this difficulty by performing the following trick: we will substitute f 0 = 0 and f 0 = 1 in the above equation and see whether it is satisfied. As before it turns out that the above two indeed satisfy Eq. (51). These two conditions have the two familiar solutions, one defining the horizon r + , the larger root of r 2D−2m−4 − β m r D−3 +Q 2 = 0 and the other, the hard core radius r = (Q 2 /β m ) 1/D−3 for naked singularity, with M 2 < a 2 + Q 2 . This is for the pure Lovelock analogue of Reissner-Nordström black hole which includes for Q = 0 the pure Lovelock analogue of the Schwarzschild black hole. Thus we verify that the equipartition conjecture continues to hold good for pure Lanczos-Lovelock static black holes.
The important point to note is that the conjecture turns out to hold good only for pure Lovelock (for a fixed m) black holes but not for Einstein-Lovelock (with sum over m) black holes. This is what we show next for the case of Einstein-Gauss-Bonnet black hole.
Equipartition conjecture in Einstein-Gauss-Bonnet gravity
In the previous section we have concentrated on the pure Lovelock theories and the validity of equipartition conjecture. In this section we will illustrate that Equipartition conjecture does not hold for the general Lovelock theories. For that we will use an action, which is sum of the EinsteinHilbert and Gauss-Bonnet terms. The static black hole solution corresponding to the Einstein-Gauss-Bonnet action, is known as the Boulware-Deser solution [49, 50] , it reads as follows:
Here α is the Gauss-Bonnet coupling constant and M is the mass term, and both of them are of dimension L 2 . There are two branches of the solution, the one with +ve sign has the right Einstein limit with attractive gravity while the other (i.e., the one with −ve sign) is repulsive. We would therefore choose the former. At r = 0 we have a curvature singularity, which is cloaked by an event horizon for the +ve branch for M ≥ α and is located at, r 2 = r 
where c 1 and c 2 are two constants whose values can be obtained from Eq. (38) and f 0 = f (r = r 0 ).
As an illustration we can consider the asymptotic limit of the Brown-York energy defined in Eq. (53). For which the first term yields r This explicitly shows the special status of pure Lanczos-Lovelock gravity as also exposed in [19] [20] [21] . In this case as well only for pure Lovelock black holes, the equipartition conjecture holds good and defines the horizon. Thus equipartition conjecture discerns the pure Lanczos-Lovelock gravity from the general Einstein-Lanczos-Lovelock gravity.
Discussion
One of the promising candidates for obtaining quasilocal energy in general relativity is the BrownYork energy. This definition is based on the Hamilton-Jacobi treatment of the gravitational action written in terms of ADM variables and then identifying the correct expression for energy. The salient feature of this prescription is that, at asymptotic infinity it correctly reproduces the ADM mass, which acts as an acid test for any definition of energy in general relativity. In this work we have generalized the Brown-York energy for Lanczos-Lovelock gravity and have employed it to verify the veracity of the equipartition conjecture for defining black hole horizon. That is horizon marks equality of gravitational and non-gravitational energy.
It is envisioned that when a configuration is infinitely dispersed, it has energy equal to ADM mass M as it begins collapsing under its own gravity, it picks up gravitational energy which is negative, and electric field and rotational energy for a charged and rotating black hole. Thus at any finite r, there are gravitational and non-gravitational components of energy. The Brown-York energy gives energy contained inside a given radius, from which if we subtract non-gravitational part, we can compute gravitational energy. This could be done for static black holes and for axially symmetric Kerr-Newmann black hole it can be evaluated in the slow rotation limit. By means of the Brown-York energy expression, we can tame the notorious gravitational field energy to obtain a quantitative expression. The interesting application of which was made by one of us in proposing the equipartition conjecture [10] for characterization of black hole horizon by equality of gravitational and non-gravitational energy. It is motivated by the fact that as horizon is approached timelike particles tend to null particles. Motion of the former is governed by ∇Φ produced by nongravitational energy while that of the latter by spatial curvature caused by gravitational energy [10] . Thus as the former approaches the latter at the horizon so should be their sources. Thus gravitational and non-gravitational energy must be equal at the horizon.
We have verified the equipartition conjecture for static and axially symmetric (in the slow rotation limit) black holes, in particular Kerr-Newmann black hole that includes static black holes. It is remarkable that for extremal Reissner-Nordström black hole gravitational and electric field energy exactly cancel out each-other everywhere so that the Brown-York energy is conserved mass M .
It turns out that the definition of Brown-York energy cannot straightway be taken over to Lanczos-Lovelock gravity but it needs to be supplemented with the counter terms. With this modification, we generalize the Brown-York energy expression for Lanczos-Lovelock gravity and again separate out gravitational and non-gravitational parts. We use that to establish the equipartition conjecture for static pure Lovelock black holes. It is interesting that the conjecture holds good only for pure (for a fixed m) Lovelock but not for general (sum over m) Einstein-Lovelock black holes. Like some other features [19] [20] [21] , the equipartition of gravitational and non-gravitational energy defining the black hole horizon is also yet another discriminator of pure Lovelock gravity.
